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@ Partial groups actions
@ Partial group actions on sets
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@ Over the course of this presentation, we will assume G is a group with
identity e, and % is a category with pullbacks.

@ Whenever we are in the context of sets, we shall assume X and Y are
sets. Otherwise, we shall assumed X and Y are objects in €.
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Partial action data on sets

Definition 1.1

A partial action datum of G on X is a pair ({Xg}geG, {@g}gec), such
that

@ For each g € G, X; is a subset of X;;
@ For each g € G, ag is a function ag: Xg-1 — X.
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Partial actions on sets

Definition 1.2

A partial action [2] of G on X is a partial action datum
({Xg}gec: {aglgec) of G on X that satisfies the following axioms:

Q@ X. =X and a. = idx;
Q Oég(ngl N Xp) € Xg N Xgp, for all g, h € G;
© apoag = apg on Xg-1 N Xpgy-1, forall g, h € G.
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Let a be a global action of G on X, and consider the partial action datum

({X}ges, {ag}gec) of G on X. This partial action datum is a partial
action of G on X
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Let G =Z and X = N. Consider the partial action datum of Z on N
({Xz}zez: {az}zez)
where when z > 0,
X ,=Nanda,: X ,—-XmapsxeNtox+z
and when z < 0,
X z={xeN:x>-z}and a;: X_; = X maps x € X_, to x + z.

This partial action datum is a partial action of Z on N.
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Partial morphisms

Definition 1.3

A partial morphism from X to Y is a triple (A, f,g), in which A is an
object of &, f is a monomorphism from A to X and g is a morphism from
A to Y, as illustrated on the diagram
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Morphisms between partial morphisms

Definition 1.4

Given (A, f, g) and (B, h, k) partial morphisms from X to Y, a morphism
from (A, f,g) to (B, h, k) is a morphism ¢: A — B on % such that the
following diagram commutes.

v

With those morphisms, the class Par4 (X, Y) of partial morphisms from X

to Y form a category.
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Isomorphisms classes of partial morphisms

We shall denote by [A, f, g] the isomorphism class represented by (A, f, g)
in Parg (X, Y):

[A f.g] ={(B,h k) e Pary(X,Y): (B, h k)= (ATf, g)}

And we shall denote by par, (X, Y) the set of isomorphism classes of
partial morphisms from X to Y:

par%(X, Y) = {[A’ f,g] : (A7 fvg) S Par‘f(Xa Y)}
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Composition of isomorphism classes of partial morphisms

Given [A, f,g] € pary(X,Y) and [B, h, k] € pary (Y, Z), the composition
[B, h, k] e [A, f, g] of those isomorphism classes is given by the isomorphism
class represented by the external partial morphism in the diagram

/\
/\/\

whose square is a pullback square. That is,

[B,h,k]e[A,f,g] =[P,fop,kogq].

G
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Category of isomorphism classes of partial morphisms

We define the category pary, to be the category whose objects are objects

in % and, given two objects X and Y in %, the set of morphisms from X
to Y is pary (X, Y)
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Partial morphisms in Set

Proposition 1.5

Every isomorphism class [A, f, g] € parge(X, Y) has exactly one
representative (B, ¢, h) where B C X and ¢ is the inclusion of B on X.

Thus, there is a bijection between parge (X, Y) and the set of partial
functions from X to Y.
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The correspondence for partial action data

Lemma 1.6 (Hu, Vercruysse, 2020 [4])

Let G be a group and X a set. There is a correspondence between
(1) partial action data of G on X;

(2) parse(G x X, X);

(3) functions from G to parge (X, X).
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@ Partial groups actions

@ Partial group actions on objects in categories with pullbacks
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Partial action data on objects in categories

Definition 1.7

A partial action datum of G on X € ¥ is a function from G to
pary (X, X).
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Partial actions on objects in categories

Definition 1.8

A partial action datum a(g) = [Xg-1, g, g] of G on X is said to be a
partial action of G on X if

(1) a(e) = [X, /dx, idx];
@ Forall g, h € G there exists a morphismX,—1 N X(pg)-1 — Xg N Xj1

such that the following diagram commutes

ngl N X(hg)fl

W
g0lg.hg Xg N Xy

QhgOlhg,g

X Lg*]-OLgfl,h aho,‘h,gfl X
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Partial actions seen in the literature

@ Every partial action of a group G on a ring X corresponds to a partial
action of G on the object X in the category of rings, but because we
ask the subsets of X to be ideals and not subrings, the converse fails
to be true.

@ Thus, partial actions in this categorical sense generalize properly
partial actions on rings.

@ Similarly, partial actions in this categorical sense generalize properly
partial actions studied in the literature over other structures.

fapesc
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Global actions on objects in categories

Definition 1.9

A global action of G on X € % is a group morphism o : G — Aut X.

A global action « of G on X can be described as the partial action datum
of G on X that maps g € G to [X, idx, a(g)].

Any such partial action datum that comes from a global action is a partial
action.
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Inverse semigroups and partial actions
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Q Inverse semigroups and partial actions
@ Motivations in the case of sets
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Inverse semigroups

Definition 2.1

An inverse semigroup is a semigroup S such that for each s € S there
exists a unique s* € S such that ss*s = s and s*ss* = s*.
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Partial bijections

Definition 2.2

Let X be a set. A partial bijection in X is a bijection between two
subsets of X. The set of partial bijections in X is denoted by Z(X).

We define a product between two partial bijections in X as their
composition in the largest domain where it makes sense.
That is, if ¢ and v are partial bijections in X, then

dom(ipy) = v~ (ran(1) N dom(y))

and
ran(i2) = p(ran() N dom()).

With this product, Z(X) is an inverse semigroup.
= G
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Partial actions on sets in terms of partial bijections

A partial action on a set can be equivalently defined in terms of partial
bijections as follows:
Definition 2.3

A partial action of G on X is a family © = {6, }zc¢ formed by partial
bijections in X such that

Q 0g:Xg1— Xy foreachge G
Q@ 0.=idx;
@ 0Oplg C Opg, forall g, h € G.

G
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Inverse semigroups and partial actions on sets

Theorem 2.4 (Exel, 1998 [3])

A function 6 : G — Z(X) corresponds to a partial action of G on X if, and
only if,

O 9(e) = idx,
Q 9(h)0(g)d(g 1) = 0(hg)8(g~t), forallg,h € G.
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Exel's semigroup

Definition 2.5

Let G be a group. The Exel’s semigroup constructed from G is the

semigroup S(G) that is generated by the set {[g] : g € G}, subject to the
relations

@ [ 'llgllh] = [g"]lgh]
@ [gln[h~] = [gh][h~"]
Q [glle] = [e]
O [e][g] = [g]
for each g, h € G, and in which e is the identity of G.

S(G) is an inverse semigroup in which [g]* = [¢7}].

o

e fapesc
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Inverse semigroups and partial actions on sets

Theorem 2.6 (Exel, 1998 [3])

There is a one-to-one correspondence between
© partial actions of G on X
@ identity preserving semigroup morphisms from S(G) to Z(X).
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Q Inverse semigroups and partial actions

@ Inverse semigroups and partial actions
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Partial isomorphisms

Definition 2.7
A partial isomorphism from X to Y is a partial morphism (A, f, g) from
X to Y such that g is a monomorphism.

We shall denote by isoy the subcategory of par,, whose morphisms are
isomorphism classes represented by partial isomorphisms.
We also shall denote by Z(X) the set of endomorphisms of X in isoy.

fapesc
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Partial isomorphisms and inverse semigroups

Proposition 2.8
Let X € €. Then Z(X) is an inverse semigroup, in which

[Af.g]" =[A g, f]

W
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Partial actions and partial isomorphisms

Proposition 2.9

Let o be a partial action of G on X € €. Then, a(g) € Z(X) for all
geaG.
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Partial actions and the natural partial order on Z(X)

Theorem 2.10

A partial action datum o of G on X is a partial action if, and only ff,
e a(G) CI(X),
e a(g™!) = a(g)* foreveryg € G,
o afe) is the identity of Z(X),
o a(h)ea(g) < a(hg) forevery g, h € G.

G
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Partial actions and the semigroup of partial isomorphisms

A partial action datum o of G on X is a partial action if, and only ff,
e a(G) CI(X),
e afe) is the identity of Z(X),
o a(h)ea(g)eal(g™t)=a(hg)ea(g™?) forallg,hc G.
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Partial actions and Exel's semigroup

Let G be a group and X an object of C. There is a correspondence
between the sets of

(1) partial actions of G on X;
(2) identity preserving semigroup morphisms from S(G) to Z(X).
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Induced partial actions and globalizations
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© Induced partial actions and globalizations
@ Motivations in the case of sets
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Induced partial actions

Given a global action a of G on X, and S a subset of X, consider the
partial action datum

({Sg}geG» {ﬁg}geG)v

where, for each g € G,
Sg-1=5Na;'(5)

and Bg : Sg-1 — S is given by Bg(s) = ag(s) for each s € S,-1.
This partial action datum is a partial action of G on S, which is called the
induced partial action of o on S.

W
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Globalizations

Definition 3.1
A globalization for a partial action 5 of G on S is a global action « of G
on a set X containing S such that § is the induced partial action of & on

S.

G
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Partial action datum morphisms

Definition 3.2
Given two partial action data o = ({ Xz }geG, {@g}gec) of G on X and
B = ({Yg}eec,{Beg}eec) of G on Y, a partial action datum morphism,
or, in short, datum morphism, from « to § is a function f: X — Y such
that

Q f(Xg)C Yy forallge G

Q foag=pg0f on X;-1 forall g € G.
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The category of partial action data

Definition 3.3

The category G-Datum, or the category of partial action data of G on
sets, is the category whose objects are partial action data of G on sets,
and whose morphisms are datum morphisms, in which the composition of
two morphisms is given by the usual composition of functions.

0
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The categories of partial actions and global actions

Definition 3.4

The category G-pAct, or the category of partial actions of G on sets, is
the full subcategory of G-Datum whose objects are the partial actions of
G on sets.

A\

Definition 3.5

The category G-Act, or the category of (global) actions of G on sets,
is the full subcategory of G-Datum whose objects are the global actions
of G on sets.

Francisco G. Klock C. V. (UFSC) A categorical approach to partial group actior May 16th, 2023



Enveloping actions

Theorem 3.6 (Abadie, 2003 [1])

Let B be a partial action of G on a set S. Then, 8 has a globalization o of
G on a set X such that the inclusion of S on X is a datum morphism
between [ and « that is a reflection of B in G-Act.

Such a globalization is called the enveloping action of 5.
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© Induced partial actions and globalizations

@ Induced partial actions and globalizations in the general case
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Induced partial actions

Definition 3.7

Let a be a global action of G on an object X € ¥ and¢: S — X be a
monomorphism in . Let 3(g) = [Sg-1, g, Bg] be the partial action datum
of G on S where for each g € G the following diagram is a pullback.

SPe 5
lg g
S / \ S
o T

[ is a partial action of G on S, called the induced partial action of « on
S (via the monomorphism ¢).
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Globalizations

Definition 3.8

A globalization for a partial action /3 is a pair (a,¢) in which « is a global
action of G on an object X in € and ¢ is a monomorphism from S to X
such that f3 is the induced partial action of & on S via ¢.

UFSC
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Partial action datum morphisms

Definition 3.9

Let « and 3 be partial action data of G on X and Y, with, say,

a(g) = [Xg-1,1g, 0] and B(g) = [Yg-1, kg, Bg] for all g € G. A partial
action datum morphism, or datum morphism, between o and  is a
morphism f : X — Y such that for all g € G there is a morphism

fg: Xg-1 = Yg—1 such that the following diagram commutes:

X 2 X
lf o Yg-1 8 lf
Yy — T~ Yy
@ff/
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The category of partial action data

Definition 3.10

The category G-Datume, or the category of partial action data of G
on objects in &, is the category whose objects are partial action data of G
on objects in ¥, and whose morphisms are datum morphisms, in which the
composition of two morphisms is given by the usual composition of the
morphisms in %.

G
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The categories of partial actions and global actions

Definition 3.11

The category G-pActy, or the category of partial actions of G on
objects in €, is the full subcategory of G-Datum whose objects are the
partial actions of G on objects in %.

\

Definition 3.12

The category G-Acty, or the category of (global) actions of G on
objects in €, is the full subcategory of G-Datum whose objects are the
global actions of G on objects in %.
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Universal globalizations

Definition 3.13
A universal globalization for a partial action f is a pair («,t) such that

O (a,t) is a globalization for 5.

@ . is a datum morphism between 8 and « that is a reflection of S in
G-Acty.
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© Induced partial actions and globalizations

@ Some results on the globalizations of a partial action
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@ For the remainder of this presentation, 3 will be a partial action of G
on an object S in €, in which 8(g) = [Sg-1, 14, 8¢] forall g € G.

G
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Universal globalizations and globalizations

Theorem 3.14

Assume (3 has a reflection v : B — a in G-Acty. Then, the following are
equivalent:

@ [ has a universal globalization,
@ [ has a globalization,
@ For each g € G the diagram

=il ,
lg 3

S / \ S
w7

is a pullback diagram in €.
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Universal globalizations and globalizations

Theorem (Continuation of Theorem 3.6)

In this case, (a, ) is a universal globalization for 3.
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Existence of a reflection - colimit

Consider the category | whose class of objects is the set (G x G) U G, in
which for all g, h € G there is a single morphism between (g, h) and g,

and between (g, h) and h, and there are no other non trivial morphisms, as
illustrated:

(g, h)

YN

g h
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Existence of a reflection - colimit

Given the partial action S, let F be the functor from / to ¥ that sends
(g,h) €(GxG)CltoS,~1pand g€ G CltoS, and, given g, he€ G,

Ly —
that sends the unique morphism between (g, h) and g to Sg-1p SgS, and

the unique morphism between (g, h) and h to S,-1, *) £S, as illustrated:

(g, h)

SN N

g h

fapesc
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Existence of a reflection - colimit

Assume the colimit n : F — A(K) (in which A(K) is the functor that is
constant and equal to K € € ) of the functor F exists. Then, /3 has a
reflection in G-Actg.

In this case, there exists a global action o of G on K constructed from this
colimit such that ne is a datum morphism between 5 and « that is a
reflection of B in G-Acty.
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Existence of a reflection - coproducts and coequalizer

Given the partial action 3, assume the coproducts ngG S and

(g, mecxc Sg—1n exist in €, in which the associated inclusion morphisms
are, respectively, ug for g € G and v, ) for (g,h) € G x G.

Consider the morphisms

[I(ugo th—1g

P =g necxc Se-1h 4* gec S
[I(unoBy-1,)

q= H(g,h)erG nglh — ngG 5

In this case, a coequalizer for p and g induces a colimit for the functor F
associated with 5.

; fapesc
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Existence of a reflection - coproducts and coequalizer

Corollary 3.16

Assume the coproducts [[,c¢ S and [{, pyegxc Sg-1n €xist €, and
suppose that p and q have a coequalizer ngc S 5 K. Then, 3 has a
reflection in G-Acty.

In this case, there exists a global action o of G on K constructed from this

coequalizer such that c o ue is a datum morphism between B and « that is
a reflection of 3 in G-Acty.

v
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Existence of a reflection - coproducts and coequalizer in

G-Acty

@ Given the partial action 3, we keep the assumption that the
coproducts [[,c¢ S and [[(, nyegxg Sg-1h eXist in €.

@ There are certain global actions ¢ and ¢ of G acting, respectively, on
[zee S and ]_[(g meGx G g-1h Which are induced naturally due to
the structure of G and the objects being coproducts.

@ The morphisms p and g are, in fact, datum morphisms from ¢ to .
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Existence of a reflection - coproducts and coequalizer in

G-Acty

Assume the coproducts [{zcc S € [l (g mecxc Sg-1h exist €. Then, 3 has

a reflection in G-Acty if, and only if, p and q have a coequalizer 1) - «
in G-Acty.

In this case, c o ue is a datum morphism between (5 and « that is a
reflection of B in G-Acty.
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