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» K denotes a field.
» K[X] denotes the ring
» 5. =0,a# b and §,)

2/27



» K denotes a field.
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Definitions
Definition

A group G is a set with maps m: G x G — G, 1g: {*} — G and
S: G — G with m being associative and satisfying

mo (lg x ldg) = mo (ldg x 1g) = ldg

mo (ldg x S) o A(g) =mo (S x ldg) o A(g) = 10 e(g)
where £(g): G — {*} and A: G — G x G is given by A(g) = g x g.
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Definitions

Definition
A group G is a set with maps m: G x G — G, 1g: {*} — G and
S: G — G with m being associative and satisfying

mo (lg x ldg) = mo (ldg x 1g) = ldg

mo (ldg x S)o A(g) = mo (S x ldg) o A(g) = 1c oe(g)

where £(g): G — {*} and A: G — G x G is given by A(g) = g x g.

Obs:

(A xldg)o A= (ld x A)o A,
lde = (e x ldg) o A = (Idg x £) o A
(mxm)o(ldg x T xldg)o(AxA)=Aom
where 7: G x G — G x G is given by 7(g x h) = h x g.
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Definition

A connected groupoid is given by a set of indexes X, a collection of sets
Gy,y (x,y € X), a family of maps my , , : Gy, X Gy,
(multiplication/composition maps), map 1, : {*} — Gy« and

Sxy : Gey = Gy x, €xy 1 Gxy — {} that satisfy the following

M x,y © (Lxx X /de,y) = Mxy,y © (/de,y x1yy)= ldg, ,
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Definition

A connected groupoid is given by a set of indexes X, a collection of sets
Gy,y (x,y € X), a family of maps my,, , : Gc, X Gy ;
(multiplication/composition maps), map 1, : {*} — Gy« and

Sxy : Gey = Gy x, €xy 1 Gxy — {x} that satisfy the following

vaxvy © (1X7X X Ide,y) — mx,y,y o (ldGXJ X 1y7y) E /de,y

m}’,X,y © (szy X /de,y) © Any — ]-y o EX,y7

mX%X © (/de,y X 5X,y) o AX,_)/ — 1X o 5x,y

where A, 1 Gy, — Gy, X Gy is given by A, ,(g) = g® g for g € Gy .
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Example: Vi, V>, ..., V;, R-vector spaces,
dimp Vi = dimp Vo = ... = dimg V,;, = n € N Then we have a connected
groupoid given by:

» The set X is given by X = {V4, Vs, ..., Vpu }.

> We have Hy, v, = {F : V; = V}; F is a bijective R-linear map},

mV,Vij(F X G) =GoF

1y, = Idy,
Svf\/j(F) = F1
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Definition of Algebra
Definition
An algebra (A, m, 1) is a K-vector space A with a multiplication map

m: A® A — A (Notation: m(a® b) = ab,a,b € A,;and 1: K — A such
that

(ab)c = a(bc),
lag =gl = a,

for a, b, c € A.

6/27



Definition of Algebra
Definition
An algebra (A, m, 1) is a K-vector space A with a multiplication map

m: A® A — A (Notation: m(a® b) = ab,a,b € A,;and 1: K — A such
that

(ab)c = a(bc),
lag =gl = a,

for a, b, c € A.

Example
» A =K[X] (the algebra of polynomials).
» A=1IKG where M is a group with m(g ® h) = gh and 1 = e.
» If A and B are K-algebras, then A® B is a K-algebra with
lage =14 ® 1p, and (a1 @ b)(a2 ® b2) = ara ® by bo.

> If Ais a K-algebra, then A° is a K-algebra, where A = A° as K-v.s,
lpr =15 and a- b = ba for a, b € A.
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Definition

A coalgebra (C, A, ¢) is a K-vector space C with a comultiplication map
A: C— C® C (notation: A(c) = 3> ¢1) ® ¢(2)) and counit map

€ : C — K such that:

DD qwm@ e ® ) =D Y ) ) ® G2)):

(@ (e @ (72
and
>_elew)e) = 2 cwelee) =<
@ ©
for all c € C.
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Example
Let G be a group. Then, we have a coalgebra which is given by
» C =KG.
>
Alg)=g@ag,

geG.

e(g)=1g€G.
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Example

Let G be a group. Then, we have a coalgebra which is given by
» C =KG.

>
Alg) =g e,
geG.
>
e(g)=1,g€G.
Example

» If C, D are K-coalgebras, then C ® D is a K-coalgebra, where
Alc® d) = (o) (a) (1) ® 1) ® ) @ dz) and
ecgp(c ® d) =€(c)e(d), for c € C,d € D.

» If C is a coalgebra, then CP is a K-coalgebra, where C°? = C as a

K-vector space and eccr = ¢, with Aceon(c) = 35 (¢) q2) ® (1) for
ceC.
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Definition

A Hopf algebra (H, m,1, A&, S) is given by a K-vector space H such that

(H,m, 1) is a K-algebra, (H, A,¢) is a K-coalgebra such that
> _(3b)) @ (ab)) = 2> awb) © 3 b,
(ab) (a) (p)
e(ab) = e(a)e(b),
Z 1(1) ® 1(2) =1®1,

e(l)=1
ZS a(l))a Z 5(3(2)) = le’:‘( )
(a)
for a,b € H.
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Definition

A Hopf algebra (H, m,1, A&, S) is given by a K-vector space H such that

(H,m, 1) is a K-algebra, (H, A,¢) is a K-coalgebra such that
> _(3b)) @ (ab)) = 2> awb) © 3 b,
(ab) (a) (p)
e(ab) = e(a)e(b),
Z 1(1) ® 1(2) =1®1,

e(l)=1
ZS a(l))a Z 5(3(2)) = le’:‘( )
(a)
for a,b € H.

Here, we always assume S is invertible.
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» KG where G is a group.

m(g ® h) = gh
Alg)=gR¢g
e(g) =1
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» KG where G is a group.

» KG* = Hom(KG,K) for G a finite group.

m(g* @ h*) — ghg>'< - 5ghh>'<

A(g?)=)_ h(h'g),
heG

lgg = g"

g€t
£(8") = 91
S(g) =)
for c.he G. 10/27



H = KIX],

m(X' @ X)) = X't
AXNY=X®1+1eX)
S(1)=1
S(X') = (-1)'X’
(1) =1,¢X)=0
i €N,
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Take o € {0,7/2,m,37/2},
Hy = (1,s,c,s%)
commutative with relations
?+s2=1,e=0,

with
A(c) = cos(a)(c®@c—s®s) —sin(a)(c®s+ 5 & c)
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g(c) = cosa, £(s) = —sina, £(s) = sina, e(1) = 1,
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Take o € {0,7/2,m,37/2},
Hy = (1,s,c,s%)
commutative with relations
?+s2=1,e=0,
with

A(c) = cos(a)(c®@c—s®s) —sin(a)(c®s+ 5 & c)

A(s) = cosa(c®s+s®c)+sin(a)(cRec—5®s),
A(s%) = A(s)A(s)

g(c) = cosa, £(s) = —sina, £(s) = sina, e(1) = 1,

S(c)=¢,S(s) = —s,5(1) =1, 5(s?) = s°,
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Definition

A Hopf category H is given by a set of indexes X, a collection of
K-coalgebras (Hx,y,AX,y,z-:X’y) and a family of maps

Myy 7 Hey @Hyz = Hyxz 1 : K — Hy x and (notation:
My y (Y @ d%) = Y d"* sc\ : Hyy — Hy x satisfying

(CX7ydy7Z)f'Z,W — C.X,_)/((j}/,Zf‘Z7W)7

X,y — Xy — ~XY
1y, =1 =,
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Definition

A Hopf category H is given by a set of indexes X, a collection of
K-coalgebras (Hx,y,AX,y,z-:X’y) and a family of maps

Myy 7 Hey @Hyz = Hyxz 1 : K — Hy x and (notation:
My y (Y @ d%) = Y d"* sc\ : Hyy — Hy x satisfying

(vaydy7z)fsz — va.y((jyvz1"27'”)7
CXLy]'y,y — ]-X,XCXLy — CX7.y

> (€)@ (Y d ) = > D iy dly @ ) iy

(c%}/d}/,z) ny (dY

> (Lx ®Z )2) = 1 ® L,

(1)

8X7Z(CX’)’dY7Z) — Ex,y(CX’y)Ey,z(Cy’z)u

Y sc(cy)eisy = exp ()1, D ) sy (3)) = ()1 13 /27



» Given a Hopf algebra (H, m,1,A,¢,S), define H, , = H,
m=my,Ay, =A7A1, =15, =S.
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» Given a Hopf algebra (H, m,1,A,¢,S), define H, , = H,
m=my,Ay, =A7A1, =15, =S.

» Let G be a groupoid. Define the Hopf category of G Gy, = KG, ,,
mX,y,Z(g ® h) = gh

Dy(g)=g®g

Exy(8) =1,5¢,(8) =8~
for g € Gy, h € Gy ;.

1
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Let G be a connected groupoid. Then we know:

» G, x = Gy, as groups.
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Let G be a connected groupoid. Then we know:
» G, x = Gy, as groups.

» If we know G, we know Gy .
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Let G be a connected groupoid. Then we know:
» G, x = Gy, as groups.
» If we know G, we know Gy .

» If we know Gy, and G, ,, then we know G ;.
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Problem: Characterizing Hopf categories.

» For a Hopf category H, given H, x and H, ,, what can be said about
H,y, for x,y € X?
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Problem: Characterizing Hopf categories.

» For a Hopf category H, given H, x and H, ,, what can be said about
H,y, for x,y € X?
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Problem: Characterizing Hopf categories.

» For a Hopf category H, given H, x and H, ,, what can be said about
H,y, for x,y € X?

» Knowing H,, and H, ., what can be said about H .7
» Knowing H ,, what we can say about H, .7

» Good examples of Hopf categories
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Definition
Let H be a Hopf algebra over K. We say that A is a left H-module if
there is a map - : H® A — H such that

co(mp®A)=-0(H®")

Notation: -(a® h) = a- h.
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Definition
Let H be a Hopf algebra over K. We say that A is a left H-module if
there is a map - : H® A — H such that

co(mp®A)=-0(H®")

Notation: -(a® h) = a- h.

Definition

A left H module A is a left H-Hopf-Galois co-object if
» (A A ¢e) is a coalgebra.

| 2 h(l) A1) ® h(2) a() = (h . a)(l) ® (h . a)(z) and
g(h-a) =e(h)e(a),h € H,a e A
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Definition
Let H be a Hopf algebra over K. We say that A is a left H-module if
there is a map - : H® A — H such that

o(Mmp®A)=-0(H®")

Notation: -(a® h) = a- h.
Definition
A left H module A is a left H-Hopf-Galois co-object if
» (A A ¢e) is a coalgebra.
> h(l) - d(1) & h(z) tapR) = (h . a)(l) & (h . a)(z) and
e(h-a) =¢(h)e(a),h e H,a € A
» The canonical map can: H® C — C ® C given by
can(h® c) = h- c1) ® ¢(2) is a bijection.
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Definition
Let H be a K-Hopf algebra and C a left H-Hopf Galois co-object. Then
7:C® C — H given by 7 = (¢ ® Idy) o can™ ! is the cotranslation map.
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Analogy with theory of groupoids:

The map can: G, x G, , = Gy, ® Gy, is a bijection, where

can(g x h) = (g x gh) for g € Gy, and h € G, ,. The inverse is given by
can™1: Gy X Gy — Gy y % G, where can™(g x j) = g x g~1j, where
g € Gyxy,j € Gyy.
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Analogy with theory of groupoids:
The map can: G, x G, , = Gy, ® Gy, is a bijection, where

can(g x h) = (g x gh) for g € Gy, and h € G, ,. The inverse is given by
can™1: Gy X Gy — Gy y % G, where can™(g x j) = g x g~1j, where
g € Gyxy,j € Gyy.

The cotranslation map is given by 7(g x j) = g7 %j.
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Definition

For H a Hopf algebra and C a left Galois co-object, the dual
Ehresmann-Schauenburg construction E(C, H) by the Hopf algebra
defined as

» E(C,H)= C® C/I as a K-vector space, where [ is the K-vector
subspace of C ® C generated by the set
{ha)y - c®hp)-d—e(h)c®d;he H,c,d e C}. Notation:
Y ai®bi+1=3a®b;.
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and the unit map is given by 1g(c py = y(1) ® u(p) where e(u) = 1.
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subspace of C ® C generated by the set
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given by ¢(a ® b) = ¢(a)e(b) for a, b € C.




Definition
For H a Hopf algebra and C a left Galois co-object, the dual
Ehresmann-Schauenburg construction E(C, H) by the Hopf algebra
defined as
» E(C,H) = C® C/I as a K-vector space, where [ is the K-vector
subspace of C ® C generated by the set
{ha)y - c®hp)-d—e(h)c®d;he H,c,d e C}. Notation:
Y ai®bi+1=3a Qb
» The multiplication map is given by

(a@b)(c®d)=aT(b®c)-d

and the unit map is given by 1g(c py = y(1) ® u(p) where e(u) = 1.

» The comultiplication map is given by
A(a® b) = an) ® by ® ap) ® by for a,b € C. The counit map is
given by ¢(a ® b) = ¢(a)e(b) for a, b € C.

» The antipode map is given by S(a ® b) = 7(un) @ a) - b ® () where
e(u) =1.
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Analogy with groups/groupoids:

Gyy = Gy x X G/ ~

where ~ is the equivalence relation generated by cg x d ~ ¢ x gd for
c€ Gyx,g8€6Gy,,de G, with multiplication defined as

(ax b/ ~)(cxd/~)=ab lcxd/~=ax b lcd/ ~ and unit any
element a x a/ ~ and inverse given by S(a x b/ ~)=ca! x b
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Definition
Let G, H be Hopf algebras. A G — H-biGalois co-object is a left G-Hopf
Galois co-object C that is also a right H-Hopf Galois co-object such that

(g-c)-h=g-(c-h)

forg € G,he Hand c e C.
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Definition
Let G, H be Hopf algebras. A G — H-biGalois co-object is a left G-Hopf
Galois co-object C that is also a right H-Hopf Galois co-object such that

(g-c)-h=g-(c-h)

forg € G,he Hand c e C.

Fact: For C a right (left) H-Hopf-Galois co-object, there is one Hopf
algebra G (up to isomorphism) that turns C into a G — H (or

H — G)-biGalois co-object. This Hopf algebra corresponds to the dual
Ehresmann-Schauenburg construction.
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Example of application:

K=Q
Hy = (1,c,s,5%)
(the trigonometric algebra), C = Q[v/2] (w = v/2) with coalgebra
structure given by
A(W’) = Z a(kﬂ-)wk & WJ
k+j=i mod4
where ay =1,/ < 4,0y =2,1 > 4..
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Example of application:

K=Q
Hy = (1,c,s,5%)
(the trigonometric algebra), C = Q[v/2] (w = v/2) with coalgebra
structure given by
A(W’) = Z a(kﬂ-)wk & WJ
k+j=i mod4
where ay =1,/ < 4,0y =2,1 > 4..

s-w' = sin(mi/2 +a)w' c-w' = cos(mi/2 + a)w’

s=sin(mi/2+a)w,1-w =w
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Example of application:

K=Q
Hy = (1,c,s,5%)

(the trigonometric algebra), C = Q[v/2] (w = v/2) with coalgebra
structure given by

A(W’) = Z a(kﬂ-)wk & WJ
k+j=i mod4

where ay =1,/ < 4,0y =2,1 > 4..

s-w' = sin(mi/2 +a)w' c-w' = cos(mi/2 + a)w’
s=sin(mi/2+a)w,1-w =w

C is a biGalois object over all these Hopf algebras

=
Ho = Hg 0, € {1,7/2,7,31/2};
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Theorem
Let H be a Hopf category. Then
» Hy,y is a Hxx —Hy -biGalois co-object under the actions my ., and
My y.y-
» The multiplication map my , , : Hx, ® H, , induces an isomorphism
of Hx x — Mz biGalois co-objects Hx y @11, Hy 2 = Hx 2.
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Theorem
Let H be a Hopf category. Then
» Hy,y is a Hxx —Hy -biGalois co-object under the actions my ., and
My y.y-
» The multiplication map my , , : Hx, ® H, , induces an isomorphism
of Hxx — Hzz biGalois co-objects Hy y @1, Hyz = Hx,z-

Analogy with groupoids: For a (connected) groupoid G, we can say that
Gxz = Gy, X Gy ,/ ~ where ~ is the relation of generated by
ghxj~gxhjforge G, heG,,,j€c Gy,
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Concrete Example of Hopf Categories:Harrison
Cocycles

Definition

Let H be a Hopf algebra. Then R=SR'®@ R2?c Ho His a
normalized Harrison cocycle if thereis R=Y>RI@R>=>rt®r?is
invertible in H ® H (denote its inverse by R = Zﬁl ®ﬁ2) and which
satisfies the equality

Y R' @RI @Ry r* =) Riyrt ® Rinr? ® R?,

> e(RYe(R?) =1,
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Example of Hopf Categories
Proposition
Let H be a Hopf algebra. Therefore, we have a Hopf category with:

» We have X ={R=R'®R? ¢
H ® H; R is a normalized Harrison cocycle of H},
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Example of Hopf Categories
Proposition
Let H be a Hopf algebra. Therefore, we have a Hopf category with:

» We have X ={R=R'®R? ¢
H ® H; R is a normalized Harrison cocycle of H},

» The coalgebra Hrt for R, T € X is given by H as the K-vector
space, with comultiplication given by

Arr(h) =S Ry T' @ R2hp T,

and counit egt(h) = e(h).for h € H.
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Example of Hopf Categories
Proposition
Let H be a Hopf algebra. Therefore, we have a Hopf category with:

» We have X ={R=R'®R? ¢
H ® H; R is a normalized Harrison cocycle of H},

» The coalgebra Hrt for R, T € X is given by H as the K-vector
space, with comultiplication given by

Arr(h) =S Ry T' @ R2hp T,

and counit egt(h) = e(h).for h € H.

» The multiplication mgT; : Hrr ® Hrp — Hg for R, T, L € X is
given by the usual multiplication of H, or

mrTL(g ® h) = gh,

for g, h € H.The unit 1grgr € Hgg is given by 1y € H.
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Example of Hopf Categories
Proposition
Let H be a Hopf algebra. Therefore, we have a Hopf category with:

» We have X ={R=R'®R? ¢
H ® H; R is a normalized Harrison cocycle of H},

» The coalgebra Hrt for R, T € X is given by H as the K-vector
space, with comultiplication given by

Arr(h) =S Ry T' @ R2hp T,

and counit egt(h) = e(h).for h € H.

» The multiplication mgT; : Hrr ® Hrp — Hg for R, T, L € X is
given by the usual multiplication of H, or

mrTL(g ® h) = gh,

for g, h € H.The unit 1grgr € Hgg is given by 1y € H.
» The antipode sgT for R, T € H® H is given by
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